We consider here a time domain model representing the dynamics of quantum cascade lasers (QCLs) generating frequency combs (FCs) in both THz and long wave infrared (LWIR λ = 8-12µm) spectral ranges. Using common specifications for these QCLs we confirm that the free running laser enters a regime of operation yielding a pseudo-randomly frequency modulated (FM) radiation in the time domain corresponding to FCs with stable phase relations in the frequency domain. We provide an explanation for this unusual behavior as a consequence of competition for the most efficient regime of operation. Expanding the model previously developed in [Opt. Eng. 57(1), 011009 (2017)] we analyze the performance of realistic THz and LWIR QCLs and show, despite the vastly different scale of many parameters, that both types of lasers offer very similar characteristics, namely FM operation with an FM period commensurate with the gain recovery time and an FM amplitude comparable with the gain bandwidth. We also identify the true culprit behind pseudo-random dynamics of the FM comb to be spatial hole burning, rather than the more pervasive spectral hole burning. 1190-1202 (2015).
Introduction
Frequency combs [1, 2] , initially developed in the near-infrared and visible domains, have changed the world of metrology and spectroscopy as we know it. They have been used to demonstrate extremely quick data acquisition, with favorable sensitivity and resolution. There has now been a strong push to extend the spectral range of FCs down to the UV, up to mid and far IR regime, and even out to THz. Infrared and THz regimes are of particular interest due to the fact that many molecules possess strong fundamental resonances in this domain, giving spectroscopic access to a wide variety of molecules. Additionally, atmospheric windows lie in the IR and THZ giving the potential to detect trace gasses of environmental or toxic vapors down to concentrations of parts-per-billion. Unfortunately, FC access to the long-wave and THz regimes have been hindered by lack of viable sources. Typically, generation of FCs in the mid-to-far IR are a result of frequency conversion which is inherently inefficient leading to small powers in the range of 1nW/mode [3] . Furthermore, frequency combs are typically generated using mode-locked lasers, micro-resonators and optical downconverters greatly adding to the complexity, power consumption, and size of the spectroscopic tool [4, 5] . To avoid this complexity a logical choice would be to turn to electrically pumped lasers, which for the LWIR and THz regions implies Quantum Cascade lasers (QCLs) [6, 7] , which, while barely 20 years old, have already become a ubiquitous source of coherent radiation in these ranges. By analogy with other lasers [8] , one would expect to obtain FCs by mode locking the QCL and obtaining a train of short pulses whose spectrum is a FC, however this turns out to be far more difficult than it seems. Passive modelocking is next to impossible to achieve in QCLs because of their inherently short gain recovery time, due to fast non-radiative times of intersubband transitions (ISTs), on the order of ~1ps when compared to the round trip time on the order of τ rt~1 00ps. Active mode-locking has been achieved for QCL's [9, 10] , however with pulse width well above theoretical predictions. Moreover, active mode-locking cannot reach the bandwidth that could be provided by a passive mode-locking regime of operation.
Despite all these pessimistic predictions, not only has consistent QCL FC operation from mid IR to THz been demonstrated [11, 12] but it has already been used in spectroscopy [13, 14] . Experiments have shown that, given proper dispersion compensation and a broadband gain medium, free running QCLs do operate in the FC regime and they do it without any additional intra-cavity nonlinear elements (such as saturable absorbers, Kerr lenses etc.). Furthermore, the observed QCL FC's were quite different from all other FC's in the sense that rather than producing trains of ultra-short pulses in time domain their output power was almost constant in time while the frequency of oscillation was modulated, hence a stable phase relation between the oscillating modes existed. This relation is maintained by four wave mixing (FWM) in the fast saturable, intersubband gain medium of QCL.
While the performance of today's QCL FCs is sufficient for many practical applications in spectroscopy, it still suffers from a number of issues. Comb lines and beat notes between them suffer from prominent hysteretic behavior and are hard to predict. The breadth of FC can be narrow, to the detriment of the dynamic range of the spectroscopic tool, and often times erratic jumps in the beat notes can be seen [7] . To better understand this behavior, it is necessary to develop a more complete description of the device's operating dynamics. Previously a theoretical model was developed in the frequency domain (FD) [15] , illustrating that frequency modulation is indeed a natural consequence of spatial hole burning in broad gain medium, which causes the laser to favor multimode operation, combined with the short gain recovery time which favors constant intensity. Obviously, a comb-like spectrum combined with the nearly constant intensity is a signature of FM operation.
But the character of FM predicted by the aforementioned model was rather unexpected to the observer who may be used to smooth periodic FM signals used in communication or radars. While on the longer time scale (~100ps) the FM was obviously periodic with a period equal to rt τ , within this period the FM was totally aperiodic with some average modulation period, T FM , which is commensurate with the laser gain recovery time, 2 τ . Within the period, the FM signal appeared entirely random and not repeatable each time the model was cold started and the lasing developed from noise. However, once the model settled into this "pseudo-random" (PR) regime the character of FM did not change. Experiments have also confirmed that while FC's do not correspond to smooth periodic signals, they are remarkably resilient [12] .
It is this remarkable PR FM time domain (TD) characteristic of QCL FCs that we attempt to explain in this paper, while improving upon the FD model [15] by incorporating an inhomogeneous gain and, as a result, spectral hole burning. As a first step, the time domain model has been recently developed in [16] using Optical Bloch Equations and the derivation there have shown that as long as the period of FM is substantially longer than coherence time of the gain medium (0.2ps for LWIR and 0.7ps for THz) one can use a rate equation approximation and thus greatly reduce complexity of calculations. We now apply this model to realistic THz and LWIR lasers in order to conclusively explain why the FM does appear pseudo-random. We find that while FM by itself does a great job in filling in spectral holes, the reason behind the PR nature is found in spatial hole burning. By mitigating hole burning the QCL is able to lower its threshold, thus this regime of operation prevails.
Pseudo-random FM in frequency domain
Presented in Fig. 1(a) is the simplified model for the QCL gain medium used in this paper, the gain occurs between upper (ULL) and lower (LLL) laser levels with non-radiative relaxation occurring at a rate of Fig. 1(b) we illustrate how two counter-propagating waves inside the cavity will interfere to create an intensity pattern, to be discussed further later. Shown in Fig.  1 . This higher gain is required for the THz laser as the waveguide free carrier absorption is much higher in this domain. Although it may not be perfectly discernible in the graph (as we show below the relative changes on gain dynamics imposed by the character of the FM are small but sufficient for one of the FM regimes to become the stable operational regime), the gain remaining after passing light through the gain medium is greater when no FM is present, amounting to an inefficient use of the spectral gain. Without the frequency modulation a deep spectral hole is burned in the center of the gain, to the detriment of the laser operation. Additionally, all the gain on the sides of the hole is lost to nonradiative relaxation at a rate equal to the reciprocal inverse of the gain recovery time. Now, if the frequency is modulated multiple modes are introduced into the cavity and one can predict a more uniform use of the gain. Frequency modulation accomplishes two goals: firstly, it allows for the spectrally inhomogenous gain to recover as the FM signal detunes from its resonance, filling spectral holes; secondly, it reduces the occurrence of two counter-propagating waves meeting with similar frequencies, thus smoothing spatial holes and peaks in the gain profile. This means that, with frequency modulation, more energy is directed to stimulated emission and hence the threshold is lower, and the amount of energy "wasted" to non-radiative relaxation decreases. Thus, this regime of operation is bound to emerge as a result of competition. 
FM and Interplay of spatial and spectral hole burning
While the simple FD model explains why FM modulation is desirable and even why it should occur with a period commensurate with 2 τ , what it does not explain is why the signal is always aperiodic on a small scale within one round trip time, rt τ . Let us consider an intuitive picture of why randomness is so important. In Fig. 2 we show the instant frequency for five different FM signals (column 1), their spectra (column 2) and the power density distribution inside the laser cavity (column 3) of length / 2 g rt L v τ = , where g v is the group velocity. The power density profiles are the result of the addition of two counter-propagating waves, in other words the light interfering with a delayed (by
where
and the normalized amplitudes
+ account for the boundary conditions at the edges with reflectivity R. For LWIR, R~30% was calculated for an uncoated facet using Fresnel formula. However, for THz QCL's R is typically much higher, 70-80%, this is due to the metal-metal waveguide structure and impedance mismatch at the cavity facet [19] . Importantly, because the gain medium does not saturate instantly we use the power density averaged over the gain Fig. 2(a) ), one can see that in addition to the previously mentioned spectral hole, the spatial hole is also expected to be burned as the intensity represents a standing wave pattern of peaks and troughs as shown in the last column. In the next row ( Fig. 2(b) ), the frequency is modulated with a period equal to the round trip time,
, hence all the modes are present in the spectrum as shown in the second column. The spatial intensity pattern 2 ( , I z t τ in Fig. 2(b) column 3 shows greatly reduced swing of the oscillation since the instant frequencies of two counter-propagating waves are always different except at the mirrors, thus no spatial hole burning is expected. While prospects look bright in the spatial domain, the performance is not that great in the FD. As stated before, FM allows for the gain at some frequency to recover as the radiation detunes from its resonance. However, after the gain recovers at the rate
further pumping is converted into non-radiative decay. Thus, for efficient operation, the radiation must return to its original frequency within the gain recovery time ( 2 τ ). In other words the period of FM modulation, FM T , must be on the order of the gain recovery time, indicating that the FM signal shown in Fig. 2(b) is far from optimum.
On the other end of the scale one can consider the FM signal whose modulation period and thus have nearly identical instant frequencies, causing a non-moving standing wave pattern peak in the intensity profile. Given a deterministic, sinusoidal FM signal, one can derive the z-dependent averaged intensity as
where 0 ( ) J x is a Bessel function of the first kind giving / rt FM m T τ = peaks of intensity variations along the cavity length. From (3) it is obvious that whenever the argument of the Bessel function is zero, the swings of the intensity reach a maximum creating an undesirable standing wave pattern.
In the presence of pseudo random FM, the counter-propagating waves rarely have matched frequencies for the time period comparable to 2 τ hence the interference pattern does not stay in place but essentially oscillates back and forth, getting smoothed out. To quantify these observations we introduce a "degree of randomness", 0 1 δ < < , into the expression for and 0.9 respectively. As shown in the second columns of these figures, increasing the PR nature of the FM effectively spreads the spectrum, while keeping the separation of 1 rt τ − , due to its periodic nature. Importantly, the averaged intra-cavity intensity pattern shown in the last column is smooth and thus unlikely to cause significant spatial hole burning. Table 1 for a THz QCL.
Time domain study of FM FC operation
Now that we have developed an intuitive rational for the pseudo-random character of FM modulation we need to further quantify the effect and see if the FC characteristics are different for THz and LWIR QCLs. As shown in Fig. 1(a) , the QCL active region can be represented as three levels described as: the injection level (level 3), upper laser level 2 (ULL), the lower laser level 1 (LLL), and followed by the injection level again in the next period. The lifetime of the ULL is 
where ( , ) I z t is the intensity, is the coherence time, 21 z is the dipole moment between ULL and LLL, and 0 α is the fine structure constant. The gain spectrum is then calculated by weighing the population inversion spectrum with a normalized, super-Gaussian distribution function Fig. 1b . This way the inhomogeneous component of spectral broadening is caused not only by the unintentional growth variation between periods and in plane, but also by a deliberate introduction of inhomogeneity in the periods. Now, as the QCL is typically ran by a DC source, the current density J is constant through each broadened transition. Before lasing, each spectral bin is pumped to the population inversion equal to x cm − , and the ISTs in them are more direct resulting in a much shorter depopulation times, in the sub-picosecond range. This yields typical current density values around an order of magnitude higher for LWIR than THz QCLs. population on the ULL rather than population inversion. Obviously, a large average gain and complimentarily small rel J would indicate that this particular regime has lower threshold, higher efficiency, and should be the preferred mode of laser oscillation. We can now see how these calculations can become time consuming, especially for LWIR devices due to a much shorter wavelength than THz. For the LWIR model the number of spatial intervals ~/10 z λ Δ at which the spatial shape of the intensity must be calculated exceeds 7000. Additionally, the number of temporary intervals 2 /10 t τ Δ required to adequately describe the FM shape is 2000 and the number of spectral bins needed to faithfully reproduce the gain shape is 80. Thus, each 7000 x 2000 x 80 array corresponds to just one data point in Fig. 3 . Furthermore, due to the random nature of the FM signal at least ten data points are required for each combination of δ and A FM . Fortunately, our previous work [16] allows us to use rate equation approximation in place of full OBE solution which might have rendered the modeling unsurmountable with our modest computational power.
For the data presented in Figs. 3 and 4 a pseudo random instant frequency dependence ( ) t ω has been generated as described by (2) for each combination of δ and A FM , with a mean period FM T equal to 2 τ . The electric field has been numerically delayed and summed with itself to create the interference pattern according to (1) . This information is plugged into Eq. (4), and the final results evaluated using (5) and (6) are presented in Figs. 3 and 4 below. The graphs in Figs. 3 and 4 are generated using common specifications for QCLs in the LWIR and THz regimes respectively. Specifications, given in Table 1 , were obtained from the references [11, 18, [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Both devices are modeled to be 2mm long, shorter than typical devices, however proven to be long enough to illustrate properly all the trends described below. The graphs showing effective gain γ and nonradiative current density rel J vs modulation span (2 ) FM A have been produced using the optimum value of 0.8 δ =
. QCL graphs with randomness for the x-axis are produced using the optimum modulation span, 6.2THz for LWIR and 1.8 THz for THz QCLs. As expected, both δ and A FM reach their optimum values and the average gain experienced by photons increases and stimulated emission leaves fewer carriers to experience non-radiative relaxation to the LLL, confirming that the laser has reached optimum efficiency.
The key result that can be inferred from Figs 1/τ , the fact that the spatial distribution depends heavily on the ratio between the two will broaden the set of possible FM signal solutions. This further confirms our inference that there exists an infinite number of solutions for the laser's FM signal.
Other than the large difference in gain, as explained earlier, both THz and LWIR show very similar trends. Comparing averaged instant gain values between no frequency modulation and an optimum, pseudo-random FM regime, the LWIR experienced an increase of 0.6 cm −1 while the THz laser improved by 4 cm −1 . This disparity in improvement is easily reconciled by finding the percentage of improvement relative to the unsaturated gain, in this case both lasers have improved by 8%, a small percentage yet enough to influence the laser's operation. It is of note that a larger improvement is in fact seen under full OBE modeling [16] suggesting that we could be slightly underestimating the gain increase. Regarding the drop in relaxation current for both lasers, and using Eq. (6), we can calculate the decrease in wasted carriers and thus the direct increase in photons. Namely, the QCL experiences an increase in photons of 7x10 7 cm −2 for LWIR and 1.1x10 9 cm −2 for the THz laser, note we do not include loss other than through the mirrors. It should also be noted that the data point taken to be the most inefficient, and thus the data used as the base for comparison, might not be completely physical in the sense that this regime of operation, namely multi-mode with no FM or AM, would not occur. In fact, without FM the multi-mode laser would certainly exhibit amplitude modulation, which we have shown to decrease laser efficiency [16] .
Prior to making the conclusions, we shall ascertain the practical applications of this work. While it is of vital importance to recognize the fundamental physics guiding the behavior of QCLs generating FCs, and it is our hope that furthering the understanding of the QCL FC community will help to incubate new methods for FC stability, we recognize that applying the results presented in this paper to actually design a QCL comb with improved performance is difficult. As has been shown via a frequency domain model [30] , and numerous experimental papers, group velocity dispersion (GVD) is the main factor preventing formation of a wide and stable FC. Therefore, compensating the GVD remains the best route to broadband QCL combs. At this point we can also speculate that increasing mirror reflectivity makes spatial hole mitigation more important and thus in lasers with both mirrors having higher reflectivity the FC may be broader and more stable (at the expense of output coupling efficiency), however this hypothesis needs further testing. Additionally, the analysis presented here has illustrated that spatial hole burning is better mitigated by a large modulation index ( / )
FM FM A ω . As the amplitude of modulation is commensurate with the gain spectral bandwidth, this implies that a broader gain spectrum may further improve stability of the laser.
Conclusion
We have thus presented a plausible explication of the physical processes behind the natural self-frequency modulating behavior displayed by the free running QCL in both THz and LWIR frequency ranges. The explanation presented centers around the ansatz that the most efficient form of operation will have the lowest lasing threshold, and thus will be the one in which a free running laser will settle; rather than any other operating regime. As the laser begins to oscillate, the inhomogeneously broadened gain of the QCL naturally tends toward multimode operation, subsequently four wave mixing (FWM) creates and locks these modes. To prevent spectral hole burning, an inevitable consequence of an inhomogeneously broadened gain, the QCL self-frequency modulates its radiation keeping intensity nearly constant to avoid fast saturation of the gain in time domain. Yet another deleterious mechanism of spatial hole burning still exists in the FM laser and in this work we had shown conclusively that when FM is pseudo-random within one round trip time the standing wave pattern causing spatial holes gets washed away, making this FM regime the most efficient one. Our model has yielded the optimum values of mean FM period commensurate with gain recovery time, the FM span commensurate with gain bandwidth and very strong randomness of modulation which agrees with the experimental data [31] as well as with FD model [15] . It is interesting to note that despite very diverse parameters for LWIR and THz QCLs, both devices show a marked improvement in operation when introduced to a pseudo random frequency modulation spanning roughly the gain spectral bandwidth at a rate equal to the upper state lifetime. We have therefore shown that given a partially inhomogeneously broadened, fast saturable gain of QCLs, and a tendency to suppress spatial hole burning, this pseudo-random FM regime is a completely natural operating mode for the QCL no matter what its lasing wavelength.
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